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Complexity Measures for Matrices

• !-modular matrices:

Matrix type Large d bounds Large ! bounds

TU Matrix 1

2
(d2 + d)

!-modular !log2 log2 !+2d2 [GWZ’18] O(d4!) [AS’23]

d2 + f (!)d [GNW’21] (d2+d)!2

2
[LPSX’23]

!-modular (non-parallel)
(d
2

)
+ 80!7d [PSWX’24]
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Complexity Measures for Matrices

Condition measures for real matrices, with applications to linear programming.

• Circuit imbalance measure:
ωA := max

{∣∣∣ xixj
∣∣∣ : i , j → [n], x minimal lin. dependence of A, xj ↑= 0

}
.

• For integer matrices, ωA ↓ !A.
• ωA used to bound

• iterations of interior point methods
• iterations of first order methods for LPs
• proximity and sensitivity bounds

• Question: How many non-parallel columns can such a ω-bounded matrix have?
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Our Results

Theorem (DEPRS 2026)

For A → Rd→n a matrix with non-collinear columns, n ↓ εd4ωA.

• Column bounds ↔ hyperplane arrangements.

• Column bounds ↔ number of elements of a matroid representable by ω-bounded
matrix.

Lemma (DEPRS 2026)

For l ↗ 2, a simple rank d complex representable matroid excluding U2,l as a minor has at
most 1

4
d4l elements.

Lemma (DEPRS 2026)

Let g↑(A) be the maximum entry of any Graver basis element of A, then
↘xIP ≃ xLP↘↑ ↓ O(d4g↑(A)4).
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Reduction to MaxLines estimates

• Want to find: H1, . . . ,Hl spanned by A s.t. Hi ⇐ F for F a (d ≃ 2)-dim (a”ne)
subspace.

• 2D statement: distinct lines spanned by A that contain a point a↓ → A.

• Idea: inductively apply 2D claim to build (d ≃ 1)-dimensional flats.

• Main Question: given A ⇒ Rd , how many distinct spanned lines of A contain a
point a↓ of A?
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MaxLines estimates

• Main Question: given A ⇒ Rd , how many distinct spanned lines of A contain a
point a↓ of A?

• For full-dimensional A ⇒ Rd , maxlines(A) ↗ (1≃ 4

d+1
)n [DSW’14], [DGOS’18].

• By applying the induction, the number of hyperplanes is ↗ 4

d4 n.
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In Matroid Terminology

• Let M = (A, I) be a (complex)-representable a”ne matroid.

• A circuit of size 3 in M is a set of 3 collinear points.

• A central projection with center e → A is a contraction and
simplification si(M/e).

• The size of si(M/e) is at least maxlines(A).

• A rank d matroid has maxlines(A) ↗ (1≃ 4

d+1
)n.

Lemma (DEPRS 2026)

A simple rank d complex representable matroid excluding U2,l as a minor has at most
1

4
d4l elements.



2-D base case for ω

• Contraction and simplification only decreases ω.

• Lower bounds on ω for a rank 2 matroid of size l carry over to lower bounds over M.

• Finally, εd4ω ↗ n.



Open Questions

1. Can the constant (1≃ 4

d+1
) for the maxlines(S) estimate be improved?

2. Are there other excluded minors in terms of ω?



Thank you!



References

Stephan Artmann, Robert Weismantel, and Rico Zenklusen (2017)

A strongly polynomial algorithm for bimodular integer linear programming.

STOC pages 1206–1219.
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